We introduce the model of open quantum walks on Apollonian networks. We focus our analysis on the mean first passage time, average return time and state engineering on these networks. We show a comparison of the classical and quantum behavior of walks on these networks. Furthermore, we show the possibility for engineering Bell states from maximally mixed states using Apollonian networks.
Introduction
Understanding the information flow in classical and quantum networks is crucial for the comprehension of many phenomena in social sciences, biology and physics [1, 2, 3] . Two important features of networks observed in real-world systems are small-world and scale-free properties. An important example of networks which posses both properties are Apollonian networks.
Random walks on networks provide an useful model for studying teh behavior of agents in complex networks. Huang et al. [4] studied classical random walks on deterministic and random Apollonian networks. Random walks on Apollonian networks with defects were considered by Zang et al. [5] . Discrete time quantum walks on Apollonian networks were studied by Souza and Andrade in [6] , where a comparison of the introduced model with its classical counterpart was provided. Xu et al. [7] studied the properties of coherent exciton transport on Apollonian networks with dynamics modeled by continuous-time quantum walks. Finally, Sadowski [8] has recently provided an efficient implementation of the quantum search algorithm exploiting the structure of the Apollonian network.
In series of recent papers [9, 10, 11, 12, 13] various aspects of open quantum walks have been discussed. The main contribution of this work is the introduction of a generalized model of open quantum walks, that is derived from the idea of Quantum Markov Chains introduced by Gudder in [14] . We apply this model to study evolution of quantum walks on Apollonian networks which allows us to provide some insight in the role of the network properties on the resulting quantum dynamics. This paper is organized as follows. In Section 2 we introduce basic concepts concerning the presented work. We introduce a generalization of the open quantum walk (OQW) model, recall the notion of quantum transition operation matrix (TOM) and provide a method of constructing the generalized open quantum walks on the Apollonian networks. In Section 3 we provide the application to the quantum evolution engineering. Finally, in Section 4 we provide concluding remarks and suggest a direction for further work.
Preliminaries

Open quantum walks
The model of the open quantum walk was introduced by Attal et al. [9] (see also [15] ). In order to describe the open quantum walk (OQW) model, we consider a random walk on a graph with the set of vertices V and oriented edges {(i, j) : i, j ∈ V}. The dynamics on the graph is described by the space of states H 2 = C V with the orthonormal basis {|i } i∈V . We describe an internal degree of freedom of the walker by attaching a Hilbert space H 1 to each node of the graph. Hence, the state of the quantum walker is described by the element of the space
To formally describe the dynamics of the quantum walk, we introduce an operator E ij for each edge (j, i). This operator describes the change in the internal degree of freedom of the walker due to the move from node j to node i. We impose the limitation that all operators associated with the edges leaving node j form a proper quantum channel.
To describe open quantum walks we use the notion of Transition Operation Matrices, introduced in [14] , which provides a generalization of stochastic matrices.
is a matrix of completely-positive trace non-increasing maps such that
where Φ i is a completely positive trace preserving map.
For the sake of simplicity we assume that all operators E ij act on qudits of dimension d and produce qudits of the same dimension.
With TOM E one can associate a Quantum Markov chain according to the following definition.
Definition 2 (Quantum Markov chain). Quantum Markov chain is a finite directed graph G = (E, V ) labeled by E ij for e ∈ E and by zero operator for e / ∈ E.
The state of quantum Markov chain is given by a vector state defined as follows.
Definition 3 (Vector state). Vector state is a column vector α = (α 1 , α 2 , . . . , α N ) T such that α i are sub-normalized quantum qudit states i.e. Tr α i ≤ 1, and
Action E(α (t) ) of TOM E on a vector state α (t) at moment t produces vector state α (t+1) at moment t + 1. This action is obtained in the following way: α
). An example of a graph associated with a TOM is presented in Fig. 1 .
One should note that in the case of one-dimensional internal state space, dim H 1 = 1, the operators E ij become real numbers and form a stochastic matrix and thus the introduced chain is equivalent to the classical Markov chain.
In what follows we show that if superoperator Φ E is associated with a TOM E then it is CP-TP.
forms TOM then a set of operators
Proof. To proof this claim it is sufficient to show that operators E k ij fulfill the completeness relation. 
where N = dim H 2 . Accordingly let β = (β 1 , . . . , β i , . . . , β N ) T be a vector state with an associated state
Let Φ E be a quantum channel associated with TOM E, then
Proof.
Finally, one should note that generalized open quantum walks coincide with open quantum walks introduced in [9] if all the operations have Schmidt Rank equal to one i.e. can be described with a single Kraus operator.
Apollonian networks
Apollonian networks are named after Apollonius of Perga, who introduced the problem of space filling packing of spheres [16, 17] . The concept of Apollonian networks was introduced by Andrade et al. [18] and by Doye and Massen in [19] . In [18] it was shown that it can be used to describe force chains in polydisperse granular packings, whilst in [19] topological and spatial properties of such networks are characterized and their application as model for networks of connected energy minima is discussed.
Apollonian networks display some properties which make them a very useful tool for studying effects in large complex networks. In particular they have the property of being scale-free and small-world. They can be also embedded in an Euclidean lattice, and show space filling and matching graph properties.
Apollonian networks have been used in various areas of science. In particular, Andrade and Herrmann [20] and Serva et al. [21] investigated properties of Ising models on the Apollonian network. It was also suggested that Apollonian networks can be harnessed to mimic a behavior of neuronal systems in the brain [22] . Random Apollonian networks [23] were introduced as a model for real-world planar graphs. Their high-dimensional generalizations were also proposed [24] . Properties of random Apollonian networks were studied in [25] in the context of web graphs. 
Hitting time
In the case of classical random walks the mean first passage time (MFPT) from node i to node j is defined as expected time it takes to reach j for the first time starting from i. For clarity an auxiliary walk is commonly introduced. Let's define a classical walk that stops whenever j node is reached. The MFPT is now equivalent to the expected time for this walk to stop (stoppingtime). Having defined the MFPT one is able to introduce the notion of average return time (ART) as the mean first passage time from node i to itself. The classical notion of reaching a node does not have an appropriate quantum counterpart. There are some subtleties that make defining a quantum analog not a straightforward task. The main difficulty lies in the measurement problem. If we were to perform a measurement at every time step the coherence (the internal state) would disappear and the walk would be no different from the classical one. One of the solutions is to perform a partial measurement, based on two projectors Π 0 = Π int ⊗ |j j| and Π 1 = 1l d|V| − Π 0 , where j is the position the walker is trying to reach, Π int is a projector on a (sub)space of internal states at every time step of the walk ("concurrent measurement") and d is the dimension of the internal state. The process stops whenever the measurement result corresponds to the Π 0 projector. With such notion one can use the stopping-time definition in order to analyze mean first passage time in the quantum case.
Definition 5. A s-measured walk from a discrete-time open quantum walk given by a channel M(ρ) and measurement operator Π int starting in state ρ(0) = ρ i ⊗ |i i| is the process defined iteratively as follows. At first a measurement with two projectors Π 0 = Π int ⊗ |s s| and Π 1 = 1l d|V| − Π 0 is performed. If Π 0 is measured the process is stopped, otherwise M is applied and the iteration is continued. When the walk is not stopped at time t the state of the system evolves in the following way: and the probability of measuring Π 0 in step t is equal to
Definition 6. We define Mean First Passage Time (MFPT) conditioned on measurement Π int from x 0 to s for an open quantum walk M as the expectation value of stopping-time of a smeasured walk M s with measurement operator equal to Π int
where P s (t) is the probability of stopping at time t. In this work we assume that the initial state is equal to ρ = ρ 0 ⊗ |x 0 x 0 | for some fixed internal state ρ 0 and if the Π int operator is not specified we assume that Π int = 1l.
All the results presented in this paper are obtained through numerical computations using formulas provided in definitions 5 and 6.
As in the case of 1-dimensional internal state the open quantum walk is equivalent to the classical random walk. Therefore the introduced notion of MFPT reduces to the classical case as well.
3 Results and discussion
Simple example
As the first example we study the four-node Apollonian network with a qutrit at each node. This network is schematically depicted in Fig. 3 . The transition operators are A = |x x|, B = |y y|, C = |z z|, where:
with ω = e 2πi/3 . We choose the initial state of the walker to be the maximally mixed state localized at the central node. The probability distributions resulting from the open quantum walk are shown in Fig. 4 . Fig. 4a shows the behavior of the walker in the subspace associated with measurement operator A. Accordingly Fig. 4b shows the same result in the case of measurement operator B and 4c for the operator C. The complete behavior of the walker is shown in Fig. 4d . In the first subspace we achieved a counterclockwise walk on the external nodes. In the second subspace, we achieved q clockwise walk on the external nodes. Both of these walks have a period T = 3.
In the third subspace we achieved an oscillating behavior, between the central and external nodes so the walk has a period of T = 2. Thus, the entire walk is periodic with period T = 6. Hence we have shown that the evolution of the open quantum walk depends on the kind of the measurement used to observe it. Now we move to discussing the MFPT of the open quantum walk on an Apollonian network. We start with the results for the simple walk defined above. In this case the MFPTs and average return times are shown in Table 1 . Value ∞ means that the state can not be reached from a given initial state. The diagonal entries are the average return times. The "quantumness" -the non classical behavior -of the walk can be seen in the measurement conditioned MFPTs.
Larger networks
Case 1 -quantum counterpart
Let us consider an open quantum walk which by construction mimics the structure of classical homogeneous random walk on an Apollonian network. By a homogeneous walk we understand a random walk for which the exit probability from every node in any allowed direction is equal to one over degree of the node.
The walk is constructed in the following way:
• For every node of the last generation we assign TOM elements such that each outgoing edge has two associated Kraus operators given by rescaled projections on two mutually orthogonal subspaces so that condition (1) holds. 3 5 5 5 1
(e) C Table 1 : Mean first passage times from node i to node j (outside diagonal) and average return times (on diagonal) for an open quantum walk on a network shown in Figure 4 conditioned on measurements:
• Every other TOM element is a rescaled identity operator.
We require that
where n = dim(H 1 ) and d = 3 is the degree of the node. In this case we use a different initial state for calculating MFPT, ρ 0 = |x x|. This time we obtain the results differing from classical ones even without measurement-dependent MFPT. The resulting MFPTs are shown in Fig. 5 . It should be noted that by construction of the model, when ρ 0 = 1l/d we recover classical behavior.
Case 2 -measurement manipulation
First we consider an open quantum walk on a fifth generation Apollonian network, constructed as follows:
• For transitions from generation i to generation j, where i > j, we choose TOM elements equal to σ x .
• For transitions from generation j to generation i, where j < i, we choose TOM elements equal to σ z .
• For intra-generation transitions we assign the identity operator 1l.
Next we group the nodes by their degree, which corresponds to their generation (i.e. all nodes in a given generation have the same degree). We show the MFPTs for this case in Figure 6 and compare it with the classical case. In this case we obtain higher MFPTs, which do not depend significantly on measurements. The measurements are 1l, |0 0|, |+ +| and |j j|, with:
The measurements increase the value of MFPT, however the overall trend is unchanged. Figure 5 : Mean first passage times versus the degree of a node in an Apollonian network of the third generation. The TOM assigment is describedin the text. The MFPT is not conditioned on measurements. We obtain behavior different compared to the classical case.
Case 3 -quantum effect
Now we study another possible network, with transition operator assignment based again on the generation of a node. More precisely, we divide nodes in the graph into classes. Each class is identified by the set of generations of the neighboring nodes. In result, each class corresponds to the nodes with identical configuration of generations of neighboring nodes. In this paper we consider 3 rd generation of Apollonian network consisting of 16 nodes divided into 5 classes as shown in Fig. 7 . Such approach allows simplification of operator assignment as the number of classes is significantly lower than the number of nodes and provides strong symmetry of the network dynamics.
In order to design a system dynamics we introduce a collection of decompositions of the space H 1 into orthogonal subspaces. For every possible pair of classes (c 1 , c 2 ) we choose a set of Kraus operators A . Each operator acts on one of previously fixed orthogonal subspaces of H 1 . Additionally, in order to satisfy the condition (1), operators assigned as out-going from every class c are assigned in such a way that they cover the whole space H 1 . Moreover, each operator A
is multiplied by a factor 1/ √ k, where k is the total number of operators acting on the same subspace which are assigned to the outgoing edges of the same node. When the operators assigned as outgoing from some class c correspond to two (respectively n) independent subspace decompositions all operators are additionally multiplied by a factor 1/ √ 2 (1/ √ n respectively). In this paper we present the results obtained for the operator assignment presented in Eq (12) . We consider two decompositions of the space of internal states. The first one corresponds to operators B x and C x and the second one to operators B z and C z .
Our results are shown in Fig 8. This time we obtain measurement conditioned MFPTs which are significantly different from the classical ones. where
State engineering
In this part we will show how to utilize Apollonian networks and open quantum walks in state engineering tasks. We will show how to obtain two Bell states using a simple iterative procedure. The states we are interested in are:
We perform the state engineering on a network consisting of seven nodes and using the following operators associated with transitions
The layout of the operators is shown in Fig. 9a . Initially, we have a maximally mixed state located at each site of the network. After four steps we obtain the graph with states distributed as shown in Fig. 9b . As can be seen in the latter figure, we obtain a Bell state everywhere except the central node which remains mixed.
State engineering is not limited to small Apollonian networks. It is possible to create an arbitrary Bell state in a sixteen-node network. An example of such a network is shown in Fig. 10 . Again, we start with a maximally mixed state at each node. After 24 steps we obtain the graph with states distributed as shown in Fig. 10 . This time we obtain ten copies of an arbitrary Bell state. 
Conclusions
In this paper we have introduced the generalization of the open quantum walks and studied the properties of the model on Apollonian networks. We have showed exemplary setups of exciton transport in such networks, which can lead to very non trivial behavior compared to ordinary quantum walks. Furthermore, we have studied mean first passage times and average return times in this setup. These results differ significantly from a classical walk on these networks. Finally, we have shown the examples of state engineering in these networks. We are able to prepare an arbitrary Bell state in Apollonian networks. Our method does not require fully connected networks, and creates many copies of a given state starting from a maximally mixed state at each network site. 
